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Abstract
We introduce the natural lift of spacetime diffeomorphisms for con-
formal gravity and discuss the physical equivalence between the natural
and gauge natural structure of the theory. Accordingly, we argue that
conformal transformations must be introduced as gauge transformations
(affecting fields but not spacetime point) and then discuss special struc-
tures implied by the splitting of the conformal group.
1 Introduction
Conformal transformations are used in two different meanings in the litera-
ture. In some cases, conformal transformations are angle preserving maps on
(pseudo)-Riemannian manifolds. In this case they are a subgroup of the mani-
fold diffemorphisms. This viewpoint is common in conformal field theories. In
other cases they are defined as transformations acting on the metric field, which
change the metric by multiplying it by a positive (pointwise) factor, called the
conformal factor, but leaving the point on the manifold unchanged. In this case
they are vertical maps on the bundles of metrics and sometimes they are called
Weyl transformations to distinguish them from the conformal transformations
considered above. This viewpoint is common in conformal gravity.
If one takes a Minkowskian field theory and tries to enlarge the symmetry
group from isometries to a bigger group including angle preserving transforma-
tions, then the first viewpoint may be meaningful. However, if one is considering
a generally covariant theory and aims to a conformal extensions the first attitude
does not make sense. The theory is already covariant with respect to general
diffeomorphisms, including any angle preserving map. Thus in this case the
second attitude is needed.
Recently, the gauge nature of conformal transformations has been questioned
based on the peculiar behaviour of conformal transformations with respect to
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Noether theorem; see [1]. While this discussion is certainly of interest we shall
here consider the issue from a different, complementary perspective, by consid-
ering the mathematical consequences of having Weyl transformations acting as
symmetries focusing in particular on global properties and trying to provide a
rigorous common framework for comparing the two viewpoints presented above.
We hope the two different approaches can contribute to setting the issue once
and for all.
Mannheim proposed a generally covariant, conformal theory for gravity; see
[2]. Recently we set this conformal theory, following the second approach, in
a gauge natural form; see [3]. Presenting a theory within the context of gauge
natural framework gives some advantages since one has a number of general
theorems and standard algorithmic procedures to compute things and discuss
observable quantities. For example, one has a general result claiming that all
Noether currents of a gauge natural theory are not only closed on-shell (i.e. along
solutions of field equations) but also exact on-shell so that one has existence in
general of the so-called superpotentials; see [4], [5], [6].
The aim of this paper is to discuss the relation between those two viewpoints.
In particular we shall show that conformal gravity, beside being a gauge natural
theory (see [4]), also has a natural structure, which defines an action of diffeo-
morphisms on fields. Namely, unlike in general gauge natural field theories, in
conformal gravity spacetime diffeomorphisms do act on fields as symmetries. In
other words, conformal gravity is somewhere in between a natural and a gauge
natural theory. In particular, one can define by it the action of angle preserving
maps as in the first viewpoint and split conformal transformations as the action
of a diffeomorphism and a Weyl transformation.
We shall also discuss whether there is a physical difference between the natu-
ral and gauge natural framework and argue that the correct way of introducing
conformal gravity is giving it a gauge natural structure as we did, while the
natural structure is to be considered as an extra feature of the theory.
In gauge natural theories the symmetry group contains pure gauge transfor-
mations (which do not change position in spacetime, i.e. they act on fields alone
and they are vertical transformations on the configuration bundle). Generalized
gauge transformations instead project on spacetime diffeomorphisms. Except
from this projection, gauge transformations are disconnected from spacetime dif-
feomorphisms. In general one cannot even say how spacetime diffeomorphisms
act on fields exactly because the symmetry group projects onto diffeomorphisms
instead of having diffeomorphisms which are embedded into the symmetries
group.
This general situation can however be mitigated in particular cases due to
special extra structures a gauge natural theory may have. For example, it has
been discussed in details the case of spinors which are in fact a gauge natural
theory for the spin group; [7], [8], [9]. However, due to the particular nature
of the fields involved (precisely the frame acting as a spin frame and soldering
form) one can define in such theories a sort of infinitesimal natural lift. In
other words one is not able to lift arbitrary spacetime diffeomorphisms as in
natural theories, but nevertheless can define a lift of one parameter subgroups
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of them. Moreover, such a lift commutes with the Lie algebra structure of
the corresponding infinitesimal generators (i.e. it preserves commutators) only
when restricted to flows of isometries (i.e. Killing vectors). Accordingly, in
special spacetimes (e.g. on Minkowski) one can recover an action of flows of
isometries on spinors and define a Lie derivative with respect to vector fields
on the spacetime manifold. In this way one recovers completely the situation
of special relativity when spinors on Minkowski space transform with respect to
(infinitesimal) isometries.
Another example in which fields are gauge fields but one is able to define an
action for general spacetime diffeomorphisms is some formulation of Maxwell
electromagnetism as a natural theory; see [10].
In Section 2 we shall fix notation and introduce the natural structure for
conformal gravity. In Section 3 we shall obtain conservation laws induced by
spacetime vector fields. In Section 4 we shall discuss the physical relation be-
tween gauge natural and natural theories.
2 Notation and naturality
A field theory is defined on a configuration bundle C with fibered coordinates
(xµ, yi) where xµ represent the position in a spacetime manifoldM of dimension
m (which is assumed to be paracompact, orientable and connected, and, for us,
m = 4). The coordinates yi represent instead fields. A configuration of the the-
ory is a (global) section of the configuration bundle, which is locally represented
by providing field coordinates as a function of spacetime coordinates, namely
by giving yi(x).
In gauge natural theories one starts from a suitable principal bundle P, which
is called the structure bundle, and defines the configuration bundle as an associ-
ated bundle to P. In this way any (equivariant) automorphism on P canonically
induces an automorphism on C. Hence the configuration bundle C comes with a
selected subgoup of transformations Aut(P) ⊂ Aut(C) which will be requested
to preserve the dynamics defined for the theory. Such transformations are called
generalized gauge transformations. The automorphisms of P canonically repre-
sented on the configuration bundle C in turn define transformations on sections
of C, i.e. on fields.
The group of vertical automorphisms on P will be hereafter denoted by
AutV (P) ⊂ Aut(P). It also induces automorphisms on the configuration bundle
since AutV (P) ⊂ Aut(P) ⊂ Aut(C) and also induces transformations of fields
which are called pure gauge transformations. Finally, one can project generalized
gauge transformations onto spacetime diffeomorphisms Diff(M) by declaring
equivalent two automorphisms which project onto the same spacetime map.
Accordingly, one has the following short exact sequence of groups
1→ AutV (P)→ Aut(P)→ Diff(M)→ 1 (1)
which captures the structure of different kinds of symmetry groups.
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We refer to [4] for the general framework of gauge natural theories; see also
[11], [12]. The framework will be hereafter briefly exhibited for conformal gravity
which is also explained in more details in [3].
Let us choose a principal bundle (P,M, p,R) for the additive group R and let
us denote the fibered coordinates as (xµ, l). Since P is principal its transition
functions are in the form {
x′µ = x′µ(x)
l′ = ω(x) + l
(2)
which are also affine transformations. Thus the bundle P is at the same time
principal and affine. Since it is affine it allows global sections. Since it is
principal and it has global sections, it is trivial. Accordingly, P is necessarily
trivial and necessarily P = M × R.
Moreover, for any manifold M one can define the bundle of general linear
frames (L(M),M, pi,GL(m)), namely the principal bundle of bases of tangent
vectors to M . The frame bundle L(M) is a GL(m)-principal bundle.
One can paste these two principal bundles together to define the structure
bundle P = L(M)×M P with the group GL(m)×R. The configuration bundle
C is associated to the structure bundle by means of the suitable action
λ : GL(m)× R× L→ L : (Jca, ω, g) 7→ g′ab = eωJ¯cagcdJ¯db (3)
where L denotes the set of symmetric, non-degenerate, bilinear forms of Loren-
tian signature η = (3, 1) and gab are coordinates on L.
The configuration bundle is thence defined as C = (L(M)×P )×λ L. Points
in it are orbits of the action [ea, p, gab]λ and fibered coordinates are (x
µ, gµν)
where we set gµν = e
leaµgabe
b
ν and e
a
µ denotes the inverse of the frame matrices
ea = e
µ
a∂µ.
An automorphism on the structure bundles P is locally represented as

x′µ = x′µ(x)
l′ = α(x) + l
e′µa = J
µ
ν (x) e
ν
a
(4)
where Jµν denotes the Jacobian of the spacetime transformation and α is by now
a pointwise element of the group R, i.e. a real valued function. Any generalized
gauge transformation (4) acts on the configuration bundle C as{
x′µ = x′µ(x)
g′µν = e
α(x)JρµgρσJ¯
σ
ν
(5)
Notice that until here the generator of pure conformal transformations α and
the spacetime diffeomorphism x′µ(x) are completely unrelated. Accordingly, the
base manifold M and the principal bundle P chosen on it are unrelated. On
the contrary L(M) is functorially built out of the spacetime manifold M and it
contains the same information encoded in M .
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Then we choose a dynamics for which any of such transformation (5) is a
symmetry. The Lagrangian density for conformal gravity (assumed quadratic
in the curvature) turns out to be necessarily proportional to the squared Weyl
tensor (see [3])
L =
√
gWαβγδW
αβγδ =
√
g
(
RαβγδR
αβγδ − 2RαβRαβ + 1
3
R2
)
(6)
The dynamics will induce algorithmically conservation laws as we shall review
below.
Before dealing with conservation laws let us go back in details to symmetry
generators. Let us choose a right-invariant pointwise basis for vertical vectors
on the structure bundle. Let us set
ρµν := e
µ
a
∂
∂eνa
ρ :=
∂
∂l
(7)
which are right invariant as one can easily check. Then any symmetry generator
on P is in the form
Ξ = ξµ(x)∂µ + ∂αξ
β(x)ραβ + ζ(x)ρ (8)
Again up to now the component ζ is unrelated to the components ξµ on space-
time. Such a generator induces the infinitesimal generator of symmetries on
configuration bundle in the form
Ξλ = ξ
µ∂µ +
(−∂µξαgαν − gµβ∂νξβ + ζgµν) ∂
∂gµν
(9)
The components of the vector field (8) transform as{
ξ′µ = Jµαξ
α
ζ′ = ζ + ξµ∂µα
(10)
and, as one can check, we have
∂′µξ
′µ = ∂µξ
µ + ξρJ¯σα∂ρJ
α
σ = ∂µξ
µ + ξρ∂ρ ln J (11)
where J denotes the determinant of the Jacobian matrix Jαµ chosen in an (ori-
ented) atlas. This in fact suggests that the trace ∂µξ
µ transforms as ζ provided
that transition functions α on P are chosen so that α = ln J .
Accordingly, on any (oriented) manifold M we can fix an atlas and use its
transition functions Jαµ to define a cocycle valued in R by using the transition
functions ln J . This defines a natural principal bundle Pˆ which can be used to
define the gauge natural theory as above. The principal bundle Pˆ being natural
can be explicitly built out as an associated bundle to L(M). In fact let us set
the action
ρ : GL(m)× R→ R : (Jµν , ω) 7→ ω′ = ln J + ω (12)
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Let us define the associated bundle Pˆ = L(M)×ρ R which by construction has
fibered coordinates (xµ, l) which transform as{
x′µ = x′µ(x)
l′ = ln J + l
(13)
One can see that the element ln J of group R acts by (left) translations onto l
so that the bundle Pˆ is by construction principal with the group R.
Since any R-principal bundle P is trivial, then they are all isomorphic to
each other, then P ≃ Pˆ ≃ M × R and the construction of Pˆ is simply a way
of constructing the most general R-principal bundle on M . However, since the
structure bundle Pˆ now is also a natural bundle one can lift any spacetime
vector field ξ to it to obtain
ξˆ = ξµ∂µ + ∂αξ
β(x)ραβ + ∂µξ
µρ (14)
which, in turn, induces a vector field on configuration bundle C as
ξˆλ = ξ
µ∂µ +
(−∂µξαgαν − gµβ∂νξβ + ∂αξαgµν) ∂
∂gµν
(15)
Accordingly, the configuration bundle C turns out to be a natural bundle as
well.
If one considers standard conformal transformations on M = Rm (see [13])
their infinitesimal generators ξ = ξµ∂µ ∈ X(M) do in fact induces natural
conformal transformations on C generated by ξˆ = ξµ∂µ ∈ X(C), i.e. they satisfy
the condition
∂αξ
αgµν = ∂µξ
αgαν + gµβ∂νξ
β (16)
However, this condition makes a global sense only when the bundle C is trivial,
e.g. when M is parallelizable. In general this definition would be coordinate
dependent and local; the definition (14) is the only global, general prescription
to let spacetime diffeomorphisms act on fields.
By standard techniques one can also show that any (torsionless) principal
connection ω = dxµ ⊗
(
∂µ − Γαβµ(x)ρβα
)
on L(M) induces a connection on Pˆ
which is given by
θ = dxµ ⊗ (∂µ − Γµρ) (17)
where we set Γµ = Γ
α
αµ.
Given any symmetry generator (8) that can be split into the natural lift ξˆ
of a spacetime vector field ξ and a vertical field (which is a generator of pure
conformal transformations), namely
Ξ =
(
ξµ∂µ + ∂αξ
β(x)ραβ + ∂µξ
µρ
)⊕ (ζ − ∂µξµ) ρ =: ξˆ ⊕ Ξ(V ) (18)
The transformations generated by ξˆ will be called natural conformal transfor-
mations. Thus any generalized conformal transformation can be split into a
natural conformal transformation and a pure conformal transformation.
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3 Conservation laws
In the previous Section we defined a natural framework for conformal theories on
C which needs to be compared with the gauge natural framework introduced in
[3]. In [3] we already computed the conservation laws for the gauge natural con-
formal theory. As in any natural or gauge natural theory, one can show Noether
currents admit superpotentials. We found that pure conformal transformations
do not contribute to superpotentials (for symmetry reasons); see [14].
On the other hand, spacetime symmetries do define a superpotential
U =
1
3
{(
12∇[λRµ]ǫ − 2∇[λRδµ]ǫ
)
ξǫ+
+2
(
Rgν[µδλ]ǫ + 6R
ν[λδµ]ǫ + 3Rǫ
νλµ
)
∇νξǫ
}
dσλµ
(19)
where dσλµ is the local standard basis for (m−2)-forms induced by coordinates.
In the gauge natural framework the pure conformal and spacetime transfor-
mations are completely unrelated. In the natural setting instead, one considers
conservation laws generated by spacetime vector fields which act on the config-
uration bundle through their natural lift. In the natural lift the pure conformal
part is fixed as a function of the vector field, namely by setting ζ = ∂µξ
µ.
However, as mentioned above the superpotential is totally independent of ζ so
also in the natural case the superpotential is entirely associated to generators
of spacetime diffeomorphism. In other words conformal gravity specifically is
insensitive to the way the spacetime vector fields are lifted to the configura-
tion bundle just because the superpotential does not depend on pure conformal
transformations.
This seems to be the core of the issue raised in [1] to argue against the
physical meaning of conformal transformations as gauge transformations.
Since the theory exists in two different formulations, natural and gauge nat-
ural, but neither field equations or conservations laws seem to be different in the
two approaches, one should ask if it really matters to choose one approach or
the other or, instead, the two approaches have to be considered as equivalent.
4 Natural vs. Gauge Natural Formalism
Conformal gravity is an example of a theory which can be formulated both as
a gauge natural and a natural field theory. As a gauge natural theory, pure
conformal transformations are transformations on fields which do not affect
the spacetime position. In the natural framework spacetime diffeomorphisms
(general diffeomorphism not just Killing vectors) act on fields and they (all)
generate conservation laws.
One could thence ask whether one could not restrict to the natural frame-
work from the beginning. After all pure gauge transformations do not generate
conservation laws and probably it is worth discussing whether the two theories
are really physically different in the end.
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We showed that on any spacetime M the bundle P over it is trivial. Then
there is only one principal bundle with group R over it, namely the trivial
bundle P = M × R. Since the construction of Pˆ is canonical, the natural
bundle Pˆ coincides in fact with the only choice one has, i.e. the trivial bundle.
As a consequence, one always has a global Lorentzian metric gµν to represent
sections of C, i.e. conformal structures on spacetime.
Thus if a difference between natural and gauge natural framework exists it
is encoded into the physical meaning of some global property. In particular one
is not free to define the physical state of a theory at will, but some constraint
is imposed by dynamics. In fact one can apply a sort of hole argument to this
situation; see [15], [16].
Let us first notice that one can define compact supported pure conformal
transformations (assuming fields to be smooth, not necessarily analytic). Then
considering any initial value problem defined on a Cauchy surface S ⊂ M one
can always find a pure conformal transformation which is supported on a com-
pact D ⊂M which is not intersecting S. Since pure conformal transformations
are symmetries, they map solutions into solutions and one can easily find two
solutions with the same initial conditions on S.
If one wants to save determinism for the physical state of this theory, one is
basically forced to assume that the physical state is not associated to a single
section of the configuration bundle (since we showed that for them there is no
determinism since Cauchy theorem does not hold true) but rather classes of
sections. In particular, in order to save determinism for the physical state one
is forced to assume that configurations differing by a compactly supported pure
conformal transformation do represents the same physical state. The dynamics
in that case passes to the quotient and becomes deterministic.
(By the way, there is some freedom in defining precisely the physical state,
since configuration differing by compactly supported symmetries have to repre-
sent the same state, but one may have some freedom to define bigger classes up
to declaring that configurations differing by any symmetry represent the same
state.)
This argument goes along the same lines used in electromagnetism to argue
that gauge transformations do not affect the physical state. Then a family
of local potentials Aµ which differ by gauge transformations on the overlaps
defines a legitimate configuration for the electromagnetic field. The, e.g. the
Dirac monopole, is a legitimate configuration of the electromagnetic field even
if it is not defined on a trivial structure bundle. In order to account for these
configurations electromagnetism is a gauge natural theory and not a natural
theory (even when the structure bundle does have a natural structure, as well;
see [10]).
Thus we assume that in conformal gravity configurations differing by a
(compactly supported) pure conformal transformations define the same physical
state. The next issue is whether there exist metrics which are conformal without
being diffeomorphic. This is also easy to answer. One can easily show that the
scalar curvature R˜ of a conformal metric g˜ = φ(x) · g is related to the scalar
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curvature R of the original metric g as
φR˜ = R− m− 1
φ
φ− (m− 1)(m− 6)
4φ2
∇ǫφ∇ǫφ (20)
Accordingly, one can easily find a conformal factor φ for which R and R˜ are
different. Since the scalar curvature is a diffeomorphism invariant, this shows
that g˜ and g are two configurations which are conformally equivalent though
not diffeomorphic equivalent. (One can easily use a standard partition of unity
argument to find a compactly supported conformal factor, if needed.)
The two metrics g˜ and g represent two different physical states in the natural
framework, while they represent the same physical state in a conformal theory.
Then in view of this result gauge natural conformal gravity has less states
than natural conformal gravity and the two theories are, in this sense, not
equivalent. The decision between a natural and gauge natural formalism is
dictated by the dynamics. If the dynamics is preserved only by spacetime dif-
feomorphisms naturally acting on fields then the theory is natural and not gauge
natural.
That is precisely why standard (purely metric) Hilbert-Einstein general rela-
tivity is a natural theory and not a gauge natural theory for the structure bundle
L(M). In fact the dynamics is covariant with respect to the group Diff(M) not
for the group Aut(L(M)).
For the same reason, in the tetrad formulation of standard GR the dynamics
is covariant with respect to all gauge transformations of the Lorentz sub-bundle
of L(M) related to orthonormal frames. Accordingly, one is forced to resort to
a gauge natural formalism with the Lorentz group as a gauge group; see [4].
In the same way, in conformal gravity the dynamics is covariant with respect
to any conformal transformation, not just the ones obtained by lifting space-
time diffeomorphims. Consequently, one should have no choice than to regard
conformal gravity as a gauge natural theory since its symmetry group includes
all pure conformal transformations.
5 Conclusions
We showed that in conformal gravity the choice of whether regarding confor-
mal transformations as spacetime transformations or gauge transformations is
not really a matter of tastes. Since the dynamics is covariant with respect to
general pure conformal transformations, then one is forced to regard conformal
transformations as gauge transformations. Beside that we showed that if one
overlooked the gauge nature of conformal transformations that will end up in a
theory which is inequivalent to the correct one. In particular, one distinguishes
among configurations which are instead to be considered equivalent and Cauchy
theorem fails to hold true for field equations.
Hence, unarguably, conformal gravity is a gauge natural theory. However,
it also supports a natural lift which, unlike other gauge theories as, e.g., elec-
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tromagnetism, one can define an action of diffeomorphisms on fields. In other
words the sequence (1) does in fact canonically split.
In particular, the action of diffeomorphisms allows to find a precise relation
between results obtained for conformal transformations defined as pure field
transformations and the corresponding results for conformal transformations
defined as angle-preserving maps on spacetime. The two approaches have a
perfect correspondence exactly in view of the natural structure.
Future investigations should be devoted to extend this argument to more gen-
eral conformal theories, other than conformal gravity, especially to Minkowskian
theories in which symmetries are extended to the conformal transformations
group.
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